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Nonequilibrium Flow Past a Wedge
R. CAPIATJX* AND M. WASHINGTON*

Lockheed Missiles and Space Company, Polo Alto, Calif.

An exact numerical solution is obtained for the chemically reacting flow past a wedge. The
freestream is either in equilibrium or out of equilibrium but nonreacting. The attached
shock wave is shown to be either concave, convex, or straight, depending on the values of the
amount of dissociation in the freestream and a parameter describing the amount of energy
contained in the freestream relative to the gas dissociation energy. Numerical examples are
presented illustrating these regimes. The flow field is characterized by the presence of an en-
tropy layer and a relaxation layer, both easily identifiable in the presentation of the numerical
results.

Introduction

THE equations of motion of a compressible inviscid fluid
undergoing chemical reactions and internal relaxation

effects have been derived by Wood and Kirkwood.1 In par-
ticular, the authors transform the one-dimensional unsteady
flow into a characteristic form and find that the "frozen"
speed of sound plays a role analogous to the sound velocity
in the case of a nonreactive fluid. Chu2 arrives at the same
conclusion and obtains the characteristic equation for steady
two-dimensional and axially symmetric flows.

One of the important differences between a chemically
reacting gas flow and a nonreacting or equilibrium flow con-
sists in an entropy production appearing in the energy equa-
tion. The entropy production term is a direct result of reac-
tions in the flow field which are thermodynamically irreversible
processes.

As Clarke3 points out, the entropy production is not con-
fined to the interior of boundary layers or shock waves be-
cause it is not associated with a transport phenomenon. Its
influence therefore can spread over the entire flow field and
will not depend explicitly on the gradients of velocity, tem-
perature, and concentration.

In the present paper, a numerical solution is obtained for
the chemically reacting, steady, two-dimensional flow past
a wedge. This solution is the counterpart of Sedney's solu-
tion,4 which treats the case of the flow of a vibrationally re-
laxing gas past a wedge. Viscosity, thermal conduction, and
diffusion have been neglected purposely to emphasize the
forementioned effects. A simple body configuration is se-
lected in order to allow a direct comparison of the results with
the simple results associated with a nonreacting fluid. The
analysis is applied to a pure diatomic gas, such as oxygen or
nitrogen, which obeys the model proposed by Lighthill5 in its
equilibrium dissociated state. The chemistry rate is de-
scribed appropriately by a somewhat simplified but accurate
rate equation introduced by Freeman.6 The undisturbed
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fluid is allowed to assume either an equilibrium dissociated
state or a nonreacting frozen state. Thus, the degree of
dissociation of the freestream determines whether the flow in
the wake of the leading shock will undergo a dissociation or
recombination process.

The solution previously presented by Vincenti7 neglects, as
a consequence of the linearization assumption, the entropy
production term; the flow therefore remains irrotational.
In this presentation, the introduction of a streamline oriented
coordinate system allows naturally for the accounting of the
dissociation and recombination processes and the entropy
increase associated with them. The equations of motion
then are solved numerically by the method of characteristics.

Two-Dimensional Steady Flow: General Equations

The equations of motion will be derived in this section for
a general, diatomic, reacting gas. Specialization to a par-
ticular equation of state and rate equation will be introduced
in a later section. The geometry of the problem is presented
in Fig. 1.

For the case of the two-dimensional flow in Cartesian co-
ordinates, the equations of continuity and of momentum can
be written as follows:

(i)
(2)

(3)

Here p is the mixture density, p the pressure, and u and v
components of the velocity vector V on the x and y axes,
respectively.

The energy equation can be written in several equivalent
forms. If h is the enthalpy (including the chemical bond
energy), t is the time, and D/Dt designates the convective
derivative, the following relations hold :

P(Dh/Dt) - (Dp/Dt) = 0 (4)

(D/Dt)[h + (72/2)] - (1/p) (dp/50 = 0 (5)

For the assumed nonequilibrium situation, the continuity

= o
u&u/bx) + v&u/by) = -l/p&p/bx)

u&vfrx) + v(
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equation for the atomic species of mass fraction a can be
written as follows:

Da/Dt = x(P,P,<*)/0(p,p,a) (6)

The case of infinitely slow reaction (frozen flow) corresponds
to 6(p,p,a) -> co } whereas the equilibrium flow conditions
correspond to x (Pjp,ot) and 6(p,p,a) tending simultaneously
towards zero while the value of Da/Dt remains finite. In
this latter case, a. tends toward its equilibrium value desig-
nated by c, since % -* 0.

The nonequilibrium chemical state of the gas is further
defined by two equations of state which are taken in the form

p = p(p,S,a) (7)
h = h(P)T,a) (70

The second law of thermodynamics can be written simply as

TdS = dh - l/p dp - (/*! - /i2) da (8)

where /xi and /*2 are the chemical potentials of the atoms and
molecules, respectively.

From a combination of Eq. (4) and Eq. (8), it follows that
the energy equation also can be expressed as

T(DS/Dt) = -G*i - ^ (Da/Dt) (9)
For steady flows, integration of Eq. (5) yields

h + (F2/2) = const = hQ (10)
Thus, for nonequilibrium flows, the total enthalpy remains
constant along streamlines. Clarke8 has shown that the
difference in the chemical potentials can be expressed as

- M2 = - RT In / c2 1 - g\
\1 - c a2 ) (ID

where R is the universal gas constant divided by the molecular
weight of the undissociated gas. The variable c is, as indi-
cated in the foregoing, the atomic equilibrium concentration
evaluated at the local p and T conditions.

The system of Eqs. (1-3, 6-9, and 11) constitutes a set of
nine equations for the nine unknowns and therefore is suffi-
cient, with application of appropriate boundary conditions,
for a solution of the problem. The energy equation, Eq.
(9), brings to light the important aspect of a flow involving
chemical reactions. Since the reactions are thermodynam-
ically irreversible processes, they lead to a convective en-
tropy generation. It would seem logical, therefore, to change
from a Cartesian coordinate system x,ytoa, coordinate system
where this phenomenon can be studied more easily and also
computed more accurately. This can be accomplished best
by introducing the stream function \[/, which becomes a new
independent variable. The physical coordinate y can, for
instance, be chosen as the other independent variable.

The introduction of \l/ as an independent variable for two-
dimensional steady flow is similar to the expression of the
one-dimensional unsteady equations of motion as functions
of a Lagrangian coordinate. A \l/ number identifies a par-
ticular streamline, thereby allowing one to follow the particle
along its path. The \[s function is defined in the ordinary
manner :

pu = b^/by (12)

pv = -b^/bx (13)
It also follows, from the change of coordinates, that

bx
= _

bx/ybx b$

= . 4. - = .
* W* WA *y *y PU W

The convective derivative D/Dt = u(b/bx) + v(b/by) be-

comes, in the new coordinates,

D/Dt = v(b/by) (14)
The continuity equation is satisfied identically by the intro-
duction of \//. The two momentum equations (2) and (3)
become

bu/by = bp/bt (15)
v(bv/by) = -(l/p)(bp/by) - u(bp/b^ (16)

The rate and energy equations (6) and (9) become

v(ba/by) = x/0 (17)
v[b(S/R)/by] = -[(Ml - vd/RT] v(ba/by) (18)

By manipulation of Eqs. (12) and (13), the following two
equations can be obtained :

bx/by = u/v = -(!/»

where x is now a dependent variable.
By differentiating the first equation with respect to \[/

and the second with respect to y and then equating them, the
following relationship is obtained:

— _ ^- __ — ̂ £. _ 1̂  _
b\l/ b\{/ p2 by p by (19)

The new set of equations (15-19) and the unmodified set
(7-8 and 11) define the problem.

Since the transformation is not conformal, the correspond-
ence of angles from the (x, y) plane to the (^, y) plane must
be written:

(20)dy \v dy/dx

In order to find the characteristic curves and the differen-
tial equation valid along these lines, it first is desirable to
eliminate the pressure from Eqs. (15) and (16) by using the
differential form of the equation of state :

dp = (bp/bp)s,a dp + (bp/bS)p,a dS + (bp/ba)p,s da
Using the modified equations (15) and (16) as well as

Eqs. (17-19), the following array of the simultaneous differ-
ential equations is obtained :

^_ A^ - B~ - F — = 0by b\l/ b\l/ b\l/
ov

v~
o\l/

_r-: — —ay p by
bS'BbS
— +- —b\f/ p b\[/

„ ba . Fba .Fu — • + - — = 0b\// p by
bu bv v bp I bvv —- — u—- — — ~~ — - — = 0by o\p p2 by p by

bS x ^** X
by d by 6

bu bu _ _—— d\[/ + —- dy = dub\l/ by

bv _ . , bv _— a\^ + — at/ = rfy
Ol^ O7/

(21)

ba
—b\l/

by
ba—by
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SHOCK WAVE

Fig. 1 Geometry of the physical problem

7? F =

where

A = (^

and

The characteristic curves can be defined as curves on which
the derivatives of the fluid properties are indeterminate and
therefore may undergo arbitrary discontinuities. For ex-
ample, the condition that du/ty be indeterminate can be
obtained by equating to zero both the numerator and de-
nominator of the expression obtained for b^/bi^. The nu-
merator yields the direction of the characteristic curves as
follows:

dy
dtp - a/2)1/2

and

where

d\[//dy = 0

(22)

(23)

a/2 = (dp/dp) s>a

which is, by definition, the frozen speed of sound.
Equation (22), once transformed in dy/dx terms in the

physical plane, yields the well-known result that the char-
acteristic curves are inclined at an angle ± sin-1(a//F) to
the velocity vector. Equation (23) reveals that the third
characteristic is the streamline. The denominator of the
expression for t)ufo\l/ gives

+ \Au(ui/ ~ P) ^ "
/ IV v2}A[ uy — - } — — fdp + A uvy* dv —
\ P/ P2)

where y = dy/d\[/. After inserting the value of y from Eq.
(22), the following result can be obtained:

where the angle £ has been introduced and is defined as sin£
= v/V or its equivalent cos£ = u/V. By introducing the
angle £, the characteristic direction can be rewritten, and Eq.
(22) becomes

= (l/p7)[cos£ =fc - I)1/2]

Mf is usual defined as the local frozen Mach number:

Mf = V/af

Shock Wave Curvature, Pressure Gradient on Wedge
Surface

The shock wave curvature and the initial pressure gradient
at the tip of the wedge surface can be obtained very simply.
These two quantities are the initial values needed to start a
numerical integration. The approach taken here is similar
to the one introduced by Sedney9 for a vibrationally relaxing
gas and by Hsu10 for a dissociating gas. If a is the distance
measured along the shock wave, s and n the distances meas-
ured along the streamlines and normal to the streamlines,
respectively, then it follows that

d/do- = cosX(d/c)s) + sinX(c)/bn)

where X = <p — £w(<p is the shock angle; £w is the wedge
angle) »

is the shock curvature designated as Ks. It follows
then that

dn r- (25)sinX

Using the equations of motion (1-3, 6, and 9) and the
equation of state in its differential form, it easily is shown
that Eqs. (1-3) can be written in the intrinsic coordinate
system (n, s) as follows:

Mf
2 -

(26)

ds

Using Eq. (25) and solving (26) for dp/ds and b£/ds, one
finds that the following expressions result:

5p IM? - I _ cot*X\ = 1 / x , p X\ _
bs V pV* pV* ) po/F V 0 61

cotX Ks dp
? sinX s sinX pF5

^ (M/2 - 1 - cot2X) =cotX

b<£> sinX

~^ (27)

7^^Ksd^^x (28)

If (d^/5s)w, the curvature of the wedge, is known, Eqs. (27)
and (28) can be solved for Ks, the initial shock curvature, and
dp/bs, the pressure gradient at the tip of the wedge.

For the particular case of a straight wedge, (d£/bs)«> = 0
and

dp

p72 (24)

(29)

The functions dp/c)<£> and c)^/c)<^ are functions of the free-
stream conditions only and can be evaluated directly from the
conservation equations across the shock.
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Equation (28) gives the initial shock curvature for a straight wedge as

jc ______ [BJ(x/0)
&s = ————————

Boundary Conditions

The boundary conditions are to be applied at the wedge
surface and at the shock wave surface. Designating the
wedge angle by £w, it follows directly that sin^ = (v/V)
wedge surface, and cos£«, = (u/V) wedge surface. The
shock wave surface is taken as an innnitesimally thin sur-
face across which discontinuities of certain physical quanti-
ties can take place. However, no dissociation or recombina-
tion occurs across this wave surface so that a assumes, im-
mediately behind the shock front, the same value it had ahead
of it. A sudden jump in temperature corresponds, there-
fore, to an infinitely fast achievement of thermodynamic
equilibrium of translational, rotational, or vibrational degrees
of freedom. The attainment of equilibrium between these
classes and the dissociation, or recombination process, occur,
therefore, entirely behind the shock wave front.

The jump conditions across the shock wave are governed
by the three usual conservation equations. Denoting by
subscript 0 the conditions ahead and by 1 the conditions
immediately behind, it follows that

poF0

PQ + PoTV sinV = pi + piVNi

VQ COS<£> = VTI

h, + |Fo2 = hi + iFi2

(31)

where <p is the shock angle and VT and VN are the components
of the velocity vector V tangent and normal to the shock
wave. Equations (31) in conjunction with the equations of
state (7) and (70 can be solved for pi} p1? Vit and hi.

Specialization to the Ideal Dissociating Gas

In order to obtain some simplification of the equations
describing the chemistry of the gas, it will be assumed that
the diatomic gas under consideration is an ideal dissociating
gas as introduced by Lighthill.5 In this case, the equilib-
rium proportion by mass of atoms in the mixture or the
equilibrium mass fraction is given by

c2/(l - c) = c-D/RT (32)

where D is the dissociation energy per unit mass and PD is a
characteristic density, which, as indicated by Lighthill, can
be taken as a constant over the range of temperature from
1000° to 7000°K. E, the gas constant, was denned in Eq.
(10); p has been given the subscript e to indicate that this
is the equilibrium density for the local pressure and tempera-
ture conditions; PD is typically 150 g/cm3 for oxygen and
130 g/cm3 for nitrogen; D has a value of 5.9 X 8.32 X 1011/
32 erg/g, i.e., cm2/sec2, for oxygen and 11.3 X 8.32 X 10ll/28
for nitrogen. Figure 2 is a graphical representation of Eq.
(32).

The thermal equation of state of the mixture is taken as

p = PRT(l + a)

and the caloric equation of state as

h = (4 + a)RT + Da

(33)

(34)

thereby defining Eqs. (7) and (70- As Freeman6 points
out, the ideal dissociated gas has only one half of its vibra-
tional energy excited, and thus the ratio of specific heats is
-|. In other words, the contribution from the various de-
grees of freedom to the energy is the same for atoms and
molecules. The atoms have three degrees of freedom,

(30)

whereas the molecules have six, but their mass is twice as
large. The internal energy is then

e = 3RT + Da (34')

where Da is the energy absorbed by dissociation. The rate
equation is also taken from Freeman and is written as

da/dt = - a)e -DIRT _ (35)

where C is a constant with a dimension of [(temperature)n/
(density)(time)]. Comparison of Eq. (35) with the general
diatomic rate equation, given by Clarke,11 indicates the close
similarity between the two equations. Clarke gives

d(pa)
RT —K rwm*KR L~

where KR is the recombination rate expressed in cm6/mol-sec •
Wm is the molecular weight of the diatomic gas, Kx the
equilibrium constant in terms of mass fractions, and pe the
equilibrium density. Since Kx = 4c2/(l — c2) and the rela-
tion between pe and p is pe/p = (1 + a)/(I + c) at the
same p and T, it follows that

da p2

— = 4A.R ——dt Wm
(1 + a)\ -a 1 - c2 (1 - (36)

Equation (35) can, by the same token, be put in a similar
form:

da
It PD

It follows from direct comparison that

C = ±kRTn(pD/Wm*)(l + a)

C also can be expressed in terms of the dissociation rate
constant kn cm3/mol-sec. At equilibrium, the relation be-
tween kD and kR is simply kD/kR = Kc, where Kc is the equilib-
rium constant. Again, using an ideal dissociated gas, one
obtains the relation

and thus

Kc =

C = kDTneD/RT(l/Wm)(l + a) (37)

Matthews12 gives dissociation rate constants for oxygen ob-
tained from interferometric measurement in a shock tube.

RT
D

o.oi

LOG 1

J_ I
0 0.2 0.4 0.6. 0.8 1.0

Fig. 2 Equilibrium mass fraction C
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2.0

Fig. 3 Geometry of the numerical scheme

The mathematical fit of Matthews' data is as follows:

D = 7.43 X X 0.073

59380 is the value of D/R in Eq. (37) ; C then can be evalu-
ated numerically as

C = 7.43 X 1011 X 0.073 X §5 X (1 + a) X (59380) 3

(38)

and the exponent n of T thus is equal to 2.5. Equation (38)
indicates that C is not strictly a constant because of the (1 +
a) multiplication factor affecting it. However, Matthews
indicates a certain degree of uncertainty in the determina-
tion of the factor 0.073 and estimates the error to lie between
the bounds of 0.05 and 0.1. The assumption involved in
taking C as a constant is, therefore, within the experimental
error of the evaluation of the dissociation rate. Similar data
fit for the nitrogen dissociation rate are reported by Ham-
merling et al.13 The exponent n of T is, in this case, equal
to 1.5, and the numerical value of C is clearly different; the
same (1 + a) dependency exists, however.

Using the expressions for the two equations of state (7)
and (7'), it is now possible to evaluate the coefficients A, B,
and F introduced earlier :

dp -fe] de+(^}\<>ejp>a V>P/e,«
da

bp\ da

Using Eqs. (33-34') and the second law of thermodynamics,
Eq. (8), it follows by direct substitution that

£i±^+ (! + «:„ 2 _ A — I r \ _ T>mdf — A — I —— I — ftJL \ o
\dp/S,a \ *>

Similarly, evaluating B and F by the same technique, it
follows that

(dp/5S)P,« = B = (pr/3)(l + a)
and
(bp/ba)p,s = F = (p/3)(l + a) (MI - /*0 +

- (D/3)(l + a)

The difference between the chemical potential is then

1.2

'1.0

0.8

0.6

0.4

**jjjjpi^^

Ks<0

=0.999

=0.99995

=0.99999

Fig. 4 Regimes of shock curvature

The characteristics Eq. (24) takes on a simpler form after
substitution, namely,

- I)1
dp a/2

 P72

(39)
The shock boundary conditions now can be solved, and one

obtains

Pi =

Pi =

sinV — (1 +
7 + a,

(7 + ^o)p
2(4 (40)

2(4
VNl = -= 1 + ao T7+ -=—. —— V<>

= (p — tan"1:

by virtue of Eq. (32).

K O cos<p

Similarly, the entropy difference can be computed by integra-
tion of Eq. (8):

(S - SQ)/R = 3 log(T/!Fo) - (1 + a0) Iog(p/p0) +
(a — a0) log(pVp) +'{(l + a) —
(1 - a) log(l - a) - 2a loga} -

{(1 + «o) — (1 — CKO) log(l — oj() ~~ 2aologa0} (41)

Method of Solution

The advantages of writing the equations of motion in the
(\l/, y) coordinate system become obvious when the numerical
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1CT1

Fig. 5 Variation of shock wave angle

procedure of the method of characteristics is applied. Full
use can be made of the third characteristic, i.e., the stream-
line, and, in general, it is possible to trace the streamlines
throughout the flow field. In such a plane, the streamlines
are the lines \p = const, and the shock is a straight line (Fig.
3). Although the remaining two characteristics generally
will not intersect on a ^ mesh point, the values of pressure
and flow angle to the nearest \f/ mesh point can be inter-
polated. The other flow properties such as S, a, and T can
be computed using their stream derivatives.

To start the procedure, the flow properties at the tip of the
wedge, using the initial frozen shock angle, are determined.
Then, computing the initial pressure gradient along the wedge
by Eq. (29), the flow values are determined at a neighboring
point (an arbitrarily small distance along the wedge). The
size of this initial step determines the mesh size for the subse-
quent procedure, and it must be adjusted for maximum con-
vergence in the resulting flow field pattern. These initial
values are sufficient to build, point by point, the entire flow
field.

Discussion and Results

The fluid motion is determined by the geometry of the
wedge, defined by its half-angle j*W) the freestream conditions,
and the determining constants entering in the chemical rate
equation, such as (7, p, and D. By combining these dimen-
sional constants in nondimensional groups, it is found that a
particular problem is determined fully by the following system
of dimensionless parameters: M0, V^/D, PD/PO, £«,, a0.
Subscript 0 refers to the freestream conditions; M0 is the free-
stream Mach number; u^/D is a measure of the kinetic
energy contained in the freestream relative to the gas dis-
sociation energy; PD/PQ is a measure of the freestream
density; QLQ is the degree of dissociation of the oncoming
freestream. However, the freestream fluid does not undergo
any dissociation or recombination process. This freestream
fluid may have assumed its present aQ value either because
its pressure and temperature call for an equilibrium value,
or because the chemical reaction froze at this ao value in the
course of, for example, an expansion process having originated
at some upstream station.

The independent and dependent variables are nondimen-
sionalized and are designated by their barred symbols as
follows:

P = P/PoTV p = P/PO
h = h/VQ* T = ET/Fo2

S = (S - SQ)/R x = xPGRnC/(V0
l+2n)

The nondimensionalization of x and y is equivalent to an
equal stretching of both coordinates proportional to a length
equal to Fo1 +2n/pQRnC. This length is not related directly

CASEH
M = 32
a0=0.9

D/U§sin2<£= 0.615

PD/P0= 0.811 x108

f> =0.495 EQUILIBRIUM VALUE-

104 103 102 101 10°

Fig. 6 Variation of shock wave angle

to the normally defined relaxation length. The latter would
be equal to Fo(pz>/Po2)(5r7oVO if Freeman's rate equation were
used or to VoWm

2/kRpf if the more general rare equation,
given by Clarke, were used. The nondimensionalization of
\f/ renders its value at the shock wave equal to the corre-
sponding y value; therefore, in the y, $ coordinate system,
the shock wave is a straight line inclined at an angle of 45°.

For illustrative purposes, several solutions are presented.
For all solutions, the Mach number M0 was held fixed at a
hypersonic value of M0 = 32. Similarly, PD/PO also was
held constant at the value PD/PQ = 0.811 X 108 which, for
oxygen, represents an ambient altitude of 150,000 ft. The
initial curvature of the shock wave, Kg, at the tip of the
wedge, Eq. (30), is a helpful guide in selecting the values of
uo^/D and aQ which bring out the interesting features of the
flow field. The sign of K$ depends only on the sign of the
expression (BJ %/0 + FX/&) appearing in the numerator
of Eq. (30). This expression can be rewritten, for the ideal
dissociating gas and Freeman's rate equation, as

RT - (D/3)(l + aQ)(Da/Dt)

where T is evaluated at the wedge tip immediately behind
the shock. Da/Dt is the convective derivative, also per-
taining to the wedge surface and evaluated at the wedge
tip. This expression can be evaluated, in terms of the free-
stream conditions and initial shock angle, as

p - (1 + aoKpo/poFp2^
(7 + a0)2 sinV , X

D
3TV(1 + C

For hypersonic Mach numbers, 1/M0
2 <3C 1, and with the

added restriction that 1/M0
2 « D/V(?, the foregoing ex-

Fig. 7 Variation of shock wave angle
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Fig. 8 Pressure distribution along streamlines

pression can be simplified. As a result, Ks will have the sign
of

6 D
((7 + a0)2 370

2 ^7 (42)

Clearly, the shock wave curvature is zero when Da/Dt = 0.
This corresponds to the case in which the equilibrium atomic
mass fraction c at the wedge tip behind the shock is precisely
equal to aQ. The shock wave has brought the overdissociated
freestream exactly into equilibrium. The flow properties
are then constant throughout the flow field, since no further
chemical reaction takes place. The expression in braces
in Eq. (42) can, however, be equal to zero independently of
Da/Dt. The roots of this expression coincide with those of
a cubic equation in aQ. There always exists one real root
between 0 and 1 as long as the parameter D/TV sinV varies
between the values ̂ f and yW

In such cases, the shock wave is locally straight near the
wedge tip, although the flow properties behind it are not
constant as a chemical reaction occurs. Figure 4 presents
graphically the variation of aQ vs D/Fo2 sinV corresponding to
the lower curve labeled Ks = 0. The portion above the curve
corresponds to a negative value of the bracketed expression,
whereas the portion below the curve yields a positive value.
The sign of the curvature of the shock can be determined only
if the sign of the Da/Dt also is known. For this purpose,
the curves of the equilibrium mass fraction c have been super-
imposed on the forementioned graph. The c values can be
obtained simply by solving Eq. (32) for known values of
a0 and D/F0

2 sin2<£>. If c is larger than a0, then Da/Dt is
positive, and conversely. In this fashion, regions can be de-
nned in which the shock wave initially will be concave (Ks >
0) or convex (Ks < 0).

Further examination of the expression (BJx/6 + Fx/0)
reveals that it can be rewritten as

(Da/Dt) (bp/ba) p,8 + (DS/Dt) (bp/bS) Pt«

A linearized treatment of the flow field would eliminate
the term DS/Dt, the entropy production term, which is of
second order, and Ks depends consequently only on the sign
of Da/Dt. The shock wave is convex for dissociating flows
Da/Dt > 0 or concave for recombining flows Da/Dt < 0;
this agrees with the findings of Vincenti.7 Retaining the
DS/Dt term complicates the picture somewhat, as is evident
from the foregoing discussion. Of course, it might be well
to investigate whether or not the choice of the equation of
state changes the results of this discussion qualitatively.
After some rearranging, expression (42) assumes the form

(bp/ba)pf6(Da/D0

The internal energy e can be expressed conveniently as the
sum of two terms: a "sensible'7 internal energy es, and the
internal energy of chemical bonding ec'} ec is generally taken
as ec = Da, where D is the dissociation energy; es is related
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32
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0.811 x108
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Fig. 9 Pressure distribution along streamlines

to p, a, and p by an equation of state; in the simpler case, es
is expressed by a perfect gas equation of state. Thus in
general, the energy has the following form :

e = /(p,P,«) + Da
Consequently, (dp/da) Pt6 is a sum of two terms and may
change its sign around a possible zero point.

The asymptotic value of the shock wave angle is equal, as
Sedney shows in Ref . 9, to the value of the equilibrium shock
angle. This value can be computed from the shock equa-
tion (31), in which hQ and hi are given by ho = (4 + aojRTo +
DaQ and hi = (4 + Ci)RTi + Dei. The equilibrium concen-
tration Ci is related to TI and pi by Eq. (32), which gives the
equilibrium mass fraction ci at the local equilibrium density
and temperature. A series of trials and errors, in general,
is necessary to obtain the shock equilibrium conditions.
The locus of the points where the frozen shock angle <pfr and
the equilibrium shock angle <peq are equal to one another is
plotted in Fig. 4 and labeled as <^/r = (peq. Under the hyper-
sonic approximation I/Mo2 <3C 1 introduced earlier, this curve
can be determined independently of the values of the wedge
angle and necessitates only knowledge of the parameters

2 sinV, aQ, and p^/Po-
Similarly, it is proven easily that, for value of D/Fo2 sin2<p

lying above the curve <p/r = <peq, the value of <p/r is
larger than <peq, whereas the converse is true for value of
D/F0

2smV lying below this curve. This result also is
independent of the value of the wedge angle. In the area
contained between the curves labeled Ks = 0 and <pfr =
<peq, the shocks will assume an "S" shape, since they are
initially concave but tend asymptotically toward a shock
angle value that is smaller than the one at the tip of the
wedge. A similar argument could be presented for values of
D/Fo2 sin2<p = 2.0 and above. In this area, however, the
hypersonic approximation is not valid, and the degree of
dissociation is small.
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Fig. 10 Pressure distribution along streamlines
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Fig. 11 Temperature distribution along streamlines

In order to illustrate better the foregoing discussion, four
cases have been selected and are represented as follows :

Case I:

Case II:

Case III:

Case IV:

Z)/F0
2 sinV = 0.615

aQ = 10~10

A/To2 sinV = 0.615
aQ = 0.9

- 0.160

= 10-10

£>/F0
2 sinV = 0.160

a0 = 0.9

The four cases are indicated by their numbers in Fig. 4.
As can be seen from the graph, all cases will correspond to a
high degree of dissociation behind the shock wave. Cases
I and II will correspond to a convex shock wave and III to a
concave one. Case IV was chosen purposely to yield an
initial shock wave curvature equal to zero. As shown in the
Appendix, the shock is only initially straight and cannot
remain so indefinitely. Rather than selecting the wedge
angle, an initial shock angle of 30° was chosen for all cases.
The variation of the shock wave angle with x is plotted for
cases I, II, and III in Figs. 5-7. Case IV yielded a practically
straight shock wave, the initial angle being equal to 0.5236
rad (30°) and leveling off to an equilibrium value of 0.5233
rad.

The equilibrium shock angle values <peq have been indicated.
In case I, the shock angle has not reached its equilibrium value
but is approaching it at such a slow rate that the computa-
tion was interrupted before completion.

Case III is an example of the difficulties experienced in the
integration of the rate equation when the initial value of the
rate of dissociation da/dt is very large. At high tem-
peratures, the relaxation time for dissociation is extremely
small, being proportional to kD~l, which varies as seen from
Eqs. (37) and (38) as T*-5eD/RT. The numerator x of the
generalized rate equation, Eq. (6), assumes also very large
values, since it is proportional to (c2 — a2) /(I — c2), and
since for high temperatures c tends towards 1 — P/PD. For
case III, P/PD was chosen to be approximately 10 ~8. To
insure convergence to the proper values of the physical flow
quantities, extremely small steps of integration must be
taken. This is shown in Fig. 7, where Ax refers to the
initial step size along the wedge surface. Too large a value
of Ax will give an erroneous shock angle variation. A step
size as small as 10~7 still yields a shock angle that overshoots
the equilibrium value. For Ax = 10~8, it would appear that

io4 io3 . io2 io1 10°

Fig. 12 Temperature distribution along streamlines

the proper variation is attained. Because of the unduly
lengthy time of integration, the computation was not carried
out any further than shown.

The phenomenon described here is not particular to this
problem but is related to the general behavior of the rate
equation at high temperatures and for values of a far re-
moved from equilibrium. Because of the strong nonlinear
character of the rate equation for this set of circumstances,
a " sublayer" exists inbedded in the relaxation layer within
which rapid changes in temperature, degree of dissociation,
and relaxation times will take place. A special stretching
of the coordinate system is necessary to examine the details
of this sublayer.

The influence of the chemical reaction on the flow proper-
ties is understood easily in light of the characteristic equa-
tion, Eq. (24). The first two terms d£ and [(M/2 - 1)1/2/
pV2]dp are the familiar terms entering in the two-dimen-
sional characteristics equation for nonreacting or equilibrium
flows. The third term, on the other hand, represents the
contribution of the reactions. Within the third term, F(x/0)
(di/'/a/yF2) represents the effect of the change of composi-
tion of the mixture, whereas #J(x/#)(di/'/a/2p2F2) accounts
for the entropy production between two neighboring points
on the streamline. Both terms contribute to the production
of pressure waves, the first because of production or disap-
pearance of atoms and the resulting effect of heat subtraction
or addition and the second because of the heat addition due to
the irreversibility of the process.

Indeed, the two expressions can be rewritten (by virtue
of the definition of the symbols) as follows:

Da d\I/
a,2p2F2

Da
0 a/2p2F2 \dS/P,« \ <>a/T Dt a/2p2F2

These two terms counteract one another, and, for certain

I I

Fig. 13 Temperature distribution along streamlines
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Fig. 14 Entropy distribution along streamlines

cases, as seen in the foregoing expressions, their influence
is counterbalanced exactly, leading, consequently, to a zero
net change in pressure. These pressure signals are propagated
along the frozen Mach lines. For the case of equal and op-
posite pressure wave signals, the pressure should remain
constant along the frozen Mach lines, at least locally. In
general, however, the net result is different from zero, and an
increase or decrease of pressure occurs, depending on which
term dominates. Upon interaction with the shock wave, an
increase in shock angle (concave shock) or decrease in shock
angle (convex shock) will result, brought about by either
a pressure increase signal or a pressure decrease signal. This
is illustrated in Figs. 8-10, showing the pressure distributions
along several typical streamlines for the three cases. The
corresponding shock waves were shown earlier. Corre-
spondingly, the temperature distributions are shown in Figs.
11-13, the entropy distribution in Figs. 14-16, and the a dis-
tributions in Figs. 17-19.

All of the forementioned curves illustrate rapid changes in
the physical flow properties near the shock. These changes
are concentrated within a thin layer called the relaxation
layer. Outside this layer, the flow properties change more
slowly as they approach equilibrium. It will be noticed
that, even though the shock wave almost has attained its
equilibrium angle in all four cases, the flow properties have
not leveled off to an equilibrium value in cases I and II.
This can be explained by the fact that, in the present mesh
construction scheme, the shock point always lies a rela-
tively large distance ahead of the corresponding body point
located on the same characteristic line. To obtain points
on the body located at larger distances would necessitate
carrying on the integration for undue lengths of time.

Figures 20-22 illustrate, for a given x, the distribution of
the flow properties with respect to y, the lateral coordinate
extending from the body to the shock. The relaxation layer

=6.531
xicr4

CASE 1SC
M = 32
<V °-9

= 5.987
XIO'4

Fig. 16 Entropy distribution along streamlines

in this case is traversed vertically, as shown by the same
rapid changes of properties near the shock surface.

The physical dimensions of the flow can be obtained easily
by selecting particular freestream conditions and the deter-
mining constants of the chemical rate equation. Of particu-
lar interest is the length of the relaxation process. At a
P/PD of 0.811 X 108 which corresponds to an altitude of
150,000 ft, the value of F0 for cases I and II is approximately
30,000 fps, whereas it is 60,000 fps for cases III and IV. The
value of C can be taken from Eq. (38) as a result of Mat-
thews'12 experiments for oxygen dissociation. A value of x =
2 X 10~4 for the relaxation length on the body in case III

10"D 10"^ 10'3 10'2 10
X

Fig. 17 Degree of dissociation along streamlines

Fig. 18 Degree of dissociation along streamlines
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corresponds to a value of x equal to 0.6 cm. Similarly, for
case II, a value of x equal to 10 cm is obtained. The mean
free path at this altitude is about 4 X 10~3 cm, thus corre-
sponding to 150 collisions for complete dissociation in case
III and 2500 collisions in case II.

Conclusions

The solution of the flow field of a chemically reacting gas
past a wedge has been presented. The different regimes
of shock concavity or convexity have been delineated, and
numerical examples have been carried out. The relaxation
layer and entropy layer have been identified for the cases
studied. Future work will bear on a study of the finer
structure of both these layers. Experimental data of shock
layer structure for chemically reacting flows will be used to
examine critically the validity of the physical assumptions
that entered the rate equation and the model for the ideal
dissociating gas.

Appendix

In the preceding discussion, it was found that the shock
wave will be initially straight under two sets of circum-
stances: 1) when the overdissociated freestream is put in
equilibrium immediately behind the shock as a result of the
temperature and density rise associated with the shock;
and 2) when the quantity RT - (D/3)(l + a) is equal to
zero, or, more generally, when BJx/0 + Fx/Q is zero.

In order to determine when a straight shock wave will gen-
erate a straight body, assume that the shock is straight and
derive necessary and sufficient conditions for a straight body.

It is more convenient to rotate the x, y coordinate system
to a (77, a) system so that the shock becomes one of the co-
ordinates: 17 = 0 (Fig. 23). It follows from geometry that
?7(d/d(7) = 0, and the equations of motion (1-3, 6, and 9)
can be written as follows:

(d/drf)(pu sin<p — pv cos<^) = 0

(pu sin<£ — pv cos(p)(du/dri) + sm^dp/diq) = 0

(pu sin (p — pv cos<p)(dv/drj) — cos<p(dp/drj) = 0 (43)

(u sin<£> — v cos<p)(da/dri) = %/#

(u sin<£> — v cos<p)(dS/dr]) = /%/0

The first of these equations is integrated and gives

pu sm<p — pv cos<£> = const = K

Differentiating the equation of state (7) with respect to 77, it
follows that

' da

By elimination, the following three equations are obtained:

du/dj] = —tB,jKp(dv/dii)
du ,

da/drj = x/0

A forward integration now could be performed starting
from known conditions at the shock wave; thus u and v
would be obtained, yielding a body geometry. However,
the initial values of u and v which determine the initial body
angle are known from the shock conditions at 77 = (7 = 0.

In order to obtain a straight wedge, it follows from direct
examination of the first two equations of Eq. (43) that du/
dt] and dv/dy must always remain zero. This can happen
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y x 103

Q032
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Fig. 20 Variation of flow properties at constant x

only if da/drj or (BJx/Q + Fx/0) are zero throughout the
flow field.

If da/dt] is initially zero at the shock wave surface, the fore-
going equations imply that it will remain zero indefinitely.
Once the gas is in equilibrium, it remains in equilibrium.

If, on the other hand, BJ(x/6) + F(x/6) is initially zero,
it cannot remain equal to zero. Taking the derivative with
respect to 77 of the expression, it follows that (d/drj)(RT) —
(D/3)(da/dr)) should be equal to zero, at least at the shock
wave front. This, however, is in contradiction with the
energy equation h + (F2/2) = const which can be written
in its differential form as

"'dip'"
Since dp/dy = 0 for a straight shock, this reduces to

(d/dv])(RT)(± + a) + (da/drj)(D + RT) = 0
which is irreconcilable with the condition that (d/drj)(RT) —
(D/3) (da/drj) also be equal to zero.

The necessary condition for obtaining a straight shock is,
therefore, that equilibrium condition Da/Dt = Q be reached
immediately behind it.
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